Abstract. We consider the problem of the determination of the potential from the Dirichlet to Neumann map of the Schrödinger operator. We show that this problem is severely ill posed. The results extend to the electrical impedance tomography. They show that the logarithmic stability results of Alessandrini are optimal.
Introduction
Let Ω ⊂ R d be a bounded domain with smooth boundary. We suppose d ≥ 2.
Consider the boundary value problem
We suppose that q is bounded and 0 is not a Dirichlet eigenvalue for −∆ + q.
This implies that the above system has a unique solution u ∈ H 1 (Ω) for any f ∈ H 1/2 (∂Ω). Then the Dirichlet to Neumann operator Λ q is defined by taking the exterior normal boundary derivative of u:
We shall consider the problem of retrieving q from Λ q . It is related to the electrical impedance tomography, namely, determining the isotropic electrical conductivity γ of an object, from measurements at its boundary. More precisely, we want to retrieve γ from the voltage to current mapΛ γ defined by:
, with v| ∂Ω = f div γ∇v = 0 in Ω.
There is a standard reduction of the inverse problem for (2) to the inverse problem for (1) . Indeed, taking u = γ 1/2 v, we obtain that (−∆ + q)u = 0, ). This requires, however, to determine the restriction of γ and of its normal derivative to the boundary first.
The inverse problem of electrical impedance tomography has a long history, most of the work stemming from Calderon's idea [7] . The unique determination of γ and its derivatives at the boundary was obtained by Kohn and Vogelius [9] and stability by Sylvester and Uhlmann [15] . Global uniqueness in dimension d ≥ 3, was proved for γ ∈ C 2 by Sylvester and Uhlmann [14] . In dimension 2, it was first proved by Nachman [12] for γ ∈ W 2,p , p > 1, and then by Brown and Uhlmann [5] for γ ∈ W 1,p , p > 2.
For the inverse problem for the Schrödinger operator with a smooth potential, in dimension greater than two, uniqueness is a consequence of the results in [14] . Nachman [11] The stability in the problem (2) was obtained by Alessandrini in [1] , [2] in dimension d ≥ 3, using the complex geometric optics solutions of [14] . In dimension two, Liu [10] obtained stability for γ ∈ C 2 and Barceló, Barceló and Ruiz [6] for γ ∈ C 1+ε , using the approach of [5] . Suppose 1/M < γ i < M in Ω, i = 1, 2, and γ i C 2 ≤ M. Then there are α > 0 and C(M) > 0 such that
Using the method in [3] 
In fact, one way to obtain (3) is using (4) and the above reduction of (2) to (1). This was the approach of Sylvester and Uhlmann [14] for uniqueness and the same way was followed for stability for d ≥ 3.
We show that the estimate (4) is optimal, in the sense that it cannot hold with α > m(2d − 1)/d. The same restriction holds for (3), if we suppose γ i bounded in C m , m ≥ 2. Similar instability results were obtained by Alessandrini [4] for the reconstruction of a part of the boundary that is unknown.
The paper is organised as follows. In the second section we give the notations, we make some conventions and state the main results. In the third section we prove a basic estimate for potentials supported strictly inside Ω. In the fourth section we prove the main result, using a ball packing and covering by balls argument. In the final section we give an explicit, complex valued counterexample, discuss the case of radial potentials and make some remarks. We remind that C k,α is the space of C k functions, with α-Hölder continuous derivatives of order k. C m 0 (Ω ) is the set of functions φ ∈ C m with compact support supp φ ⊂ Ω . We will use C as a generic positive constant (different from formula to formula-we sometimes use C , C , etc, to emphasize this). It may depend upon the dimension d, the order m, and the number s (see Theorem 1). We fix an orthonormal basis {f jp : 
Main results

Conventions
|A| is the cardinality of a set A. When associating an operator in 
Remark We can allow β to be arbitrarily small both in Theorem 1 and its corollary, if we require ε ≤ ε 0 and replace the right hand side by exp −cε 
Proof. We fix the indices j, p, k, q. Consider the problem (1) with f = f jp and denote its solution by u. Also, denote u 0 (r, ω) = r j f jp (ω), the harmonic function with boundary value f jp . Then u − u 0 has zero boundary value, so it is in the domain of −∆ + q, and since
and q has support in B(0, r 0 ), we get :
The function v := u − u 0 is harmonic in Ω\B(0, r 0 ) and equal to zero on ∂Ω. We extend it to a function in {r 0 < |x| < 1/r 0 }, by putting
Then v is continuous with its first derivatives across ∂Ω, hence v is harmonic in the annulus {r 0 < |x| < 1/r 0 }.
with a constant ρ depending on r 0 and d.
Combining (8) with (9) and taking into account that (
we obtain (6) for j ≥ k. For k > j we use the fact that Λ * q = Λ q to swap the roles of j and k. ✷ In this section we prove Theorem 1 and its corollary. All the numbers, function spaces, etc. are supposed real.
Definition 1 Let (X, d) be a metric space and ε > 0. We say that a set
with the metric induced by L ∞ . Then there is a µ > 0 such that for any β > 0 and ε ∈ (0, µβ), there is an ε-discrete set Z ⊂ X mεβ with at least
We divide it into N d smaller cubes of edge
centres. Then we take:
we apply this for
. Two distinct functions from Z differ by at least one of the choices of σ j , and in the corresponding cube one of them is zero and the other is εψ 
We have used
We introduce the Banach space Proof. We can suppose s ≥ 0 as the assertion is stronger in this case. Let We obtain from (6) that Let l δs be the smallest integer such that (1 + l) 2s+d K2 −l ≤ δ for any l ≥ l δs .
Since log δ −1 ≥ 1, we have l sδ ≤ C log δ −1 , with C depending only on s and d. 
we can apply Lemma 2 and get |Z| ≥ exp(
Proof of the corollary. We use the reduction of the problem (2) to (1).
The conductivities γ 1 , γ 2 are sought in the setX mεβ := 1 + X mεβ (see (10) ).
Since each γ ∈X mεβ is 1 in a neighborhood of ∂Ω, we haveΛ γ = Λ q , with
As in Lemma 2, we can construct an ε-discrete setZ ⊂X mεβ with γ ≥ 1 for all γ ∈Z and
with C > 0 depending only on m and d. Suppose from now on that γ ∈Z, and q is the corresponding potential. From γ ≥ 1 we get 
Comparing (12) with (13) we see that for β big enough, we get |Ỹ | < |Z| for any ε ∈ (0, 1). Then we reason as in the proof of Theorem 1. ✷
Further results
We give first an explicit counterexample with complex potential. Let us 
In a sense, this is stronger than Theorem 1. Indeed, if we take ε = n −m , we obtain (5) 
For
The spaces {L 
We claim that (Λ qmn − Λ 0 )f jp , f kq = 0 for j, k ≤ n . Supposing this true, we apply Lemma 1 taking a < 1/2 such that supp q mn ⊂ B(0, a) and we obtain, in a way similar to (11),
To prove the claim, suppose j, Uhlmann for stimulating discussions.
